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Abstract 

 
The Effects of Alkali-Silica Reaction and Delayed-Ettringite Formation on the 

Structural Performance of the Dapped End Region of Prestressed Concrete 

Trapezoidal Box Beams 

 

 

 

 

Bryan V. Bindrich, M.S.E. 

The University of Texas at Austin, 2009 

 

Supervisor:  James O. Jirsa 

 
Tests were conducted on the dapped end sections of two beams that had 

undergone significant concrete cracking due to alkali-silica reactions (ASR) and delayed-

ettringite formation (DEF).  The purpose of the tests was to determine the effects of the 

cracking on the structural performance of the dapped ends of the beams.  The beams were 

full-scale prestressed trapezoidal box beams.  The beams were rejected because of 

fabrication errors and remained in a casting yard for over 14 years during which time the 

cracking damage occurred.  The beams were transported to the laboratory for testing.  

Loading was applied to the beams to produce high shear forces at the dapped ends.  Shear 

strength in the dapped end regions is critical and the effects or ASR/DEF damage on such 

beams has not been studied.  

The observed strength of the dapped ends was compared with calculated strength 

using the provisions of the PCI Design Handbook, ACI 318-08, and AASHTO LRFD 
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Specifications.  The observed strengths were greater than the computed strengths.  

Additional testing is underway. 
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CHAPTER 1 
 

Introduction 
 

1.1 BACKGROUND 

In 1995, a number of trapezoidal box beams were fabricated for the Texas 

Department of Transportation (TxDOT) for the US59 corridor between IH 610 and BW 8 

in Houston, Texas.  Many of the in-service beams display concrete cracking due to alkali-

silica reaction (ASR) and delayed-ettringite formation (DEF).  Five beams, intended for 

use in the US59 corridor, were rejected by TxDOT because of fabrication errors and were 

stored in a Houston casting yard.  Four beams, cast in July 1995, were severely cracked 

due to ASR/DEF reactions in the concrete.  A fifth beam, cast in November 1995, 

showed no signs of distress.  The beams were rejected due to various deficiencies 

including: void floatation/rotation, lack of consolidation, poor concrete setting, and 

incorrect end skew.  The five beams represent the possible future condition of the in-

service beams as cracking continues from exposure to water that facilitates ASR/DEF.  

The in-service beams are protected by a deck that limits the amount of water in contact 

with the concrete, resulting in delayed cracking. 

An extensive literature review revealed that flexural strength was not affected by 

ASR/DEF-related cracking.  However, the effect of the cracking on shear strength is 

inconclusive.  The beams of this study exhibit cracking concentrated in the end region 

where a solid 3 ft 6 in long end block and a dapped end are located.  Shear strength in 

these regions is critical and decreases in the capacity of the end block or the dapped end 

resulting from ASR/DEF cracking could necessitate costly repairs to ensure that the load 

carrying capacity of the beams remains adequate.  Therefore, a study on the effect of 

ASR/DEF cracking on the shear capacity of the four severely damaged beams relative to 

the undamaged beam will provide valuable data for assessing the condition of the beams. 
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1.2 OBJECTIVES 

In order to determine the structural effects of ASR/DEF cracking, TxDOT funded 

testing to investigate the structural performance of the beams.  Testing was conducted in 

the Phil M. Ferguson Structural Engineering Laboratory (FSEL) at The University of 

Texas at Austin.  The main objectives of the study include: 

i) determining the impact of the concrete cracking due to ASR/DEF on the 

shear capacity of the beams at the dapped ends for shear span-to-depth 

ratios between 1 and 2 

ii) and determining the impact of the concrete cracking due to ASR/DEF on 

the shear capacity of the beams within the hollow trapezoidal box section 

for variable shear span-to-depth ratios. 

1.3 SCOPE 

Two specimens with dapped ends that were moderately cracked due to ASR/DEF 

have been tested.  Strut-and-tie modeling and PCI Design Handbook methods have been 

used to estimate the uncracked capacities.  Contained herein are the current findings on 

the structural performance of the ASR/DEF damaged dapped ends in comparison to the 

calculated capacities. 
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CHAPTER 2 
 

Literature Review 
 

2.1 ALKALI-SILICA REACTION 

Alkali-silica reaction (ASR) is a potentially harmful chemical reaction that occurs 

between the alkali from cement and silica from aggregates.  The process begins with 

highly alkaline pore water moving through the concrete and reacting with silica found in 

certain reactive aggregate types.  The reaction produces a gel that expands as it absorbs 

moisture from the pores and produces pressure on the surrounding concrete.  When the 

expansive pressure exceeds the tensile strength of the concrete, cracking can result.  The 

presence of gel does not ensure damage; some gels have little expansion capabilities.  

Highly expansive gel, however, can produce the potentially harmful map cracking 

indicative of the existence of ASR.  In elements protected from moisture exposure, such 

as bridge girders with a protective deck, cracking may be delayed for several years until 

the harmful gel absorbs enough moisture to facilitate cracking (Farny & Kerkhoff, 2007). 

2.2 DELAYED-ETTRINGITE FORMATION 

Few cases of delayed-ettringite formation (DEF) isolate DEF as the sole cause of 

concrete deterioration.  However, cases such as the San Antonio Y (Thomas, Folliard, 

Drimalas, & Ramlochan, 2008) and Swedish railroad ties (Sahu & Thaulow, 2004) have 

proven that DEF can act alone.  In most cases, deleterious DEF cracking occurs within 

pre-existing cracks (Thomas, Folliard, Drimalas, & Ramlochan, 2008).  The process of 

DEF is triggered when concrete reaches temperatures in excess of 158˚F in the curing 

phase.  DEF is unlikely without the elevated temperature which causes sulfates and 

aluminates to be trapped by calcium sulfate hydrate (C-S-H).  These trapped sulfates and 

aluminates are released from the C-S-H over time and react with monosulfate in the 

concrete to form ettringite.  With sufficient available moisture, the ettringite formation 

can result in expansive forces as the ettringite pushes against the concrete.  When these 
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expansive stresses exceed the tensile strength of the concrete, map cracking of the 

concrete can result (Folliard, et al., 2006).  Originally, DEF was assumed to only occur 

within steam-cured members; however, in continuing research, DEF has been observed in 

non-steamed cured specimens (Diamond, 1996).  The effect of this type of cracking on 

the structural performance of the concrete has yet to be fully resolved. 

2.3 DIAGNOSING ASR AND DEF 

External symptoms of ASR or DEF are very similar.  It is difficult to distinguish 

between ASR and DEF concrete deterioration by external visual inspection alone.  

Usually, visual inspection is accompanied by internal inspection using petrographic 

examination.  However, it is possible to determine from visual inspection, with relative 

certainty, if ASR or DEF is the likely cause of the concrete deterioration.  Visual 

symptoms of ASR and DEF are not exclusive to these deleterious mechanisms, but 

include: expansion, cracking, efflorescence, pop-outs, and discoloration (Farny & 

Kerkhoff, 2007).   

Expansion is difficult to detect without prior instrumentation embedded within the 

structure. However, the type of cracking resulting from expansion can provide an 

indication if ASR or DEF is present.  Map cracking is often indicative of the presence of 

ASR or DEF.  Generally, the map cracking occurs in unstressed regions.  In stressed 

regions some of the cracking is oriented parallel to the major stress distribution and 

restraining steel (Kapitan, 2006).  Both map cracking and cracking aligned with 

compressive stress trajectories are visible in the large end block of the beams investigated 

in this study.  Figure 2-1 represents typical cracking present in the end regions of the 

trapezoidal box beams.  Map cracking is evident near the reentrant corner.  Large 

amounts of orthogonal reinforcement are present to restrain vertical and horizontal 

expansions.  ASR and DEF cracking tends to align with reinforcement or principal stress 

directions.  Cracks in stressed regions begin developing at the bottom corner of the beam, 

and propagate to mid-depth where the horizontal crack continues through the box section.  

Cracks begin at about a 45-degree angle where stress is minimal, then bend over 
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becoming horizontal as large compressive forces develop within the section from the 

prestressing strands. 

 

Figure 2-1 Concrete deterioration present before testing, beam RF-3R-9(c). 

For DEF cracking to occur, the concrete needs to reach temperatures in excess of 

158˚F to initiate DEF (Folliard, et al., 2006).  Similar beams cast at different temperatures 

can experience significantly different degrees of cracking.  The trapezoidal beams in this 

study cast in July 1995 under hot, humid conditions in Houston exhibit substantial 

cracking due to ASR/DEF.  On the other hand, the trapezoidal box beam cast in 

November 1995 under cooler conditions shows no signs of ASR/DEF-related cracking.  

Most of the cracking observed is located in the large end block region which contains a 

substantial volume of concrete and likely reached excessive temperatures while curing in 

a high temperature environment.   

As previously mentioned, environmental conditions strongly influence ASR and 

DEF cracking.  Sufficient moisture must be present to facilitate cracking due to these 
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mechanisms (Kapitan, 2006).  The beams in this study have remained in a construction 

yard in Houston, Texas and were exposed to high humidity and rainfall for over 13 years 

prior to relocation to Austin.  Therefore, ample opportunity existed for moisture influx 

within the pores. 

In addition to cracking, other symptoms such as discoloration, efflorescence, and 

pop-outs can be indicative of ASR or DEF presence.  ASR often can be found exuding 

from the cracks formed by the expansion of the ASR gel.  Samples of the gel can confirm 

or refute the presence of ASR.  Additionally, expansions due to ASR or DEF can result in 

pop-outs of surface concrete (Kapitan, 2006). 

It is important to note that while these symptoms can be indicative of the 

existence of ASR or DEF, physical testing of beam cores is necessary for confirmation.  

Folliard and Drimalas (2008) cored one of the four cracked beams of this study to 

determine if ASR and/or DEF were the source of the cracking.  Assessment of the cores 

revealed ettringite filled gaps surrounding the aggregate suggesting that DEF was the 

main cause of the cracking in the cored beam.  Additionally, signs of distress within some 

aggregates suggested that ASR also contributed to the cracking.   

2.4 EFFECTS OF CONCRETE DETERIORATION ON STRENGTH 
PROPERTIES  

Previous studies have produced varying results on the effects of ASF/DEF-related 

concrete deterioration on the strength properties of reinforced and prestressed concrete 

members.  The majority of studies on flexural strength indicate minimal influence of pre-

existing concrete deterioration.  Shear effects, on the other hand, produce variable results 

with some researchers reporting decreased strengths, while others report increased 

strengths. 

2.4.1 Reinforced Concrete Beams 

The majority of research on ASR/DEF-related damage has been conducted using 

reinforced concrete beams.  While prestressed concrete beams are the basis of this study, 
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ASR damaged reinforced concrete provides a foundation for understanding the effect of 

the damage.  Furthermore, the trapezoidal box beams of this study are designed to resist 

primarily flexural and shear forces when in service.  Therefore, research findings from 

the investigation of the effects of ASR and DEF cracking on the flexural and shear 

capacities of reinforced concrete are presented here. 

2.4.1.1 Flexural Strength 

According to a report issued by The Institution of Structural Engineers, the effect 

of ASR on the flexural strength of reinforced concrete is negligible under moderate 

expansions less than 0.006 in./in. (Kapitan, 2006).  This conclusion is supported by 

research conducted by Fan and Hanson (1998) and Monette et al. (2002).  Monette et al. 

tested beams under both sustained and cyclic loading with insignificant differences 

between cracked and uncracked beams.  Swamy and Al-Asali (1989) reported findings of 

a decrease in flexural capacity of singly-reinforced beams due to ASR expansions; 

however, the general consensus is that ASR/DEF induced cracking does not significantly 

affect the flexural strength of reinforced concrete beams. 

2.4.1.2 Shear Strength 

The effect of ASR/DEF-related concrete deterioration on the shear strength of 

concrete elements is less defined than the flexural strength.  There is a lack of consensus 

on the effects of cracking on shear strength.  Studies conducted by Cope and Slade (1990) 

and Bach et al. (1993) claim that shear strength is not changed due to the presence of 

ASR cracking.  In both studies, the effect of ASR on shear capacities in the absence of 

shear reinforcement was studied.  In addition to no change in shear strength, Bach et al. 

concluded that ASR damaged beams exhibited larger deformations at failure and greater 

cracking pre-failure.  Cope and Slade, on the other hand, reported one test in which the 

beam experienced a brittle failure along an ASR crack at a lower than expected load.  

These two different failure modes represent the variability that is associated with heavily 

cracked reinforced concrete beams without shear reinforcement. 
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In contrast, Ahmed et al. (1998) concluded that the shear strength of reinforced 

concrete beams increased as a result of ASR damage.  Tests were conducted on 

specimens with and without stirrups.  Shear strength increased between 7.4 and 11.9 

percent and shear failure cracks were found to initiate from existing ASR cracks.  

Additionally, Ahmed et al. reported increased fatigue life because of the increased 

concrete shear strength from ASR expansion. 

On the other hand, den Uijl and Kaptijn (2003) reported that ASR reduced shear 

strength of beam specimens cut from ASR-damaged flat slab bridges without shear 

reinforcement.  Test beams exhibited diagonal tension failures.  The lack of transverse 

reinforcement to provide restraint at the cracks resulted in decreased failure loads.  

Failure loads reached only 75% of that expected without ASR damage.  den Uijl and 

Kaptijn hypothesized that there would be less reduction in shear strength if shear 

reinforcement was present. 

Considering the large inherent variation in reinforced concrete beam shear 

strengths, the majority of the reported increases or decreases appear minimal.  

Nevertheless, previous research is inconclusive on the affect of ASR/DEF on shear 

strength of reinforced concrete and the topic requires further investigation. 

2.4.1.3 Anchorage 

Small-scale tests conducted by Chana and Thompson (1992) on beams with poor 

initial anchorage showed a possible decrease in shear strength of 20 – 30% with both 

plain and ribbed reinforcement and no transverse reinforcement.  The researchers claimed 

the 30% decrease was insignificant due to the poor anchorage provided initially.  In 

another study, Bach et al. (1993) performed tests on beams designed to experience 

anchorage failures.  Beam specimens heavily damaged due to ASR failed at loads 20 – 

30% lower than undamaged specimens.  Additionally, Bach et al. performed pullout tests 

on longitudinal reinforcement.  Researchers reported decreases in pullout strengths of up 

to 30% in specimens without transverse reinforcement.  When shear reinforcement was 

included, pullout tests revealed no difference in capacities due to ASR/DEF cracking. 
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2.4.2 Prestressed Concrete Beams 

Few studies are reported regarding the effect of ASR/DEF-related concrete 

deterioration on prestressed concrete beams.  The reported effects on member strengths 

are discussed below. 

2.4.2.1 Flexural Strength 

Boenig et al. (2001) compiled a report on the effects of concrete deterioration due 

to ASR and DEF on the flexural and shear capacity of full-scale box beams that were 

transported to the laboratory from the field.  Beams exhibited ranges of damage from no 

apparent damage to extensive damage across the full-length. However, in all tests the 

region of maximum moment exhibited only a minimal level of damage.  Beams subjected 

to flexural loads failed due to concrete compression zone crushing at loads exceeding 4-

7% of the expected capacity.  From the results, flexural capacity was deemed unaffected 

by the minimal visual concrete deterioration in the failure regions.  These results support 

findings from flexural tests conducted by Clayton et al. (1990) on prestressed concrete I-

beams. 

2.4.2.2 Shear Strength 

In the studies by Clayton et al. (1990) and Boenig et al. (2001), the effects of 

ASR-related concrete deterioration on shear strength were also investigated.  Clayton’s 

study showed varying results from ASR damaged I-beams tested in shear.  Clayton tested 

I-beams with and without shear reinforcement.  Three damage conditions were 

considered: undamaged, initial ASR cracking, and extensive ASR cracking.  The 

objective of the tests was to determine if the concrete expansion caused a two-phase 

action:   

(1) concrete material strength decreases at the onset of ASR cracking, 

(2) then continued expansions due to the ASR cause a subsequent improvement in the 

structural performance of the member. 
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Clayton’s tests revealed beams without shear reinforcement experienced the same 

20% decrease in strength at both initial ASR cracking and extensive ASR cracking.  On 

the other hand, beams with shear reinforcement experienced strength loss after initial 

ASR cracking, then subsequent strength gain back to the undamaged shear capacity after 

extensive cracking.  Clayton stated that beams would experience strength loss at initial 

ASR cracking with or without shear reinforcement, but beams with shear reinforcement 

would experience increased strength as ASR expansions continued due to the restraint 

from the vertical reinforcement.  Cracking in prestressed beams with shear reinforcement 

occurred along the length of the beam, engaging the vertical reinforcement as expansion 

continued.  Measurements of crack widths indicated that enough expansion occurred to 

yield the reinforcement.  To prevent yielding of stirrups at extensive expansions, it was 

hypothesized that two times the provided reinforcement would be required (Clayton, 

Currie, & Moss, 1990).   

Boenig et al. (2001) investigated the effect of ASR/DEF-related concrete 

deterioration on the shear capacity of prestressed box sections.  The box beams were cast 

with large, 26 in. long end blocks where the majority of the ASR/DEF concrete 

deterioration was observed.  The beams were tested at an a/d ratio of about 1.9, in the 

range where web-shear strength, Vcw, controls.  Test results indicated a decrease in shear 

capacity of 14% for heavily deteriorated beams.  In addition, strand slip in the anchorage 

zone noticeably increased in heavily cracked beams indicating that the bond between the 

strand and concrete had been affected.  Although strand slip was present, the researchers 

concluded strand slip was not the controlling factor in the failures.  Instead, all beams 

failed in web crushing.  While the researchers reported a decrease in shear capacity of 

14%, such a discrepancy falls within the expected range of scatter for shear data. 

2.5 HISTORY OF DAPPED END RESEARCH AND DESIGN  

Dapped end beams allow reduced floor depths and more efficient utilization of 

space.  Dapped ends are used within the bridge industry for drop-in girders that allow for 

increased bridge spans. 
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While dapped ends have a variety of uses, studies of their behavior are limited.  

The first studies were completed in the early 1970s and were mainly analytical studies 

evaluating the elastic stress distribution of forces in the dapped end region (Mattock & 

Chan, 1979).  The first study to determine design of dapped end beams was completed in 

the late 1970s by Mattock and Chan.  The results of this study are still the basis of the 

PCI Design Handbook dapped end design today, 30 years later.  Since Mattock’s initial 

study, subsequent studies have been conducted to improve design equations.  Strut-and-

tie modeling, shear friction, and diagonal bending are a few of the proposed design 

methods introduced over the years for these complicated disturbed regions.  The PCI 

Design Handbook and strut-and-tie modeling are the main design methods utilized in this 

study because they are acceptable methods used to calculate dapped end capacities. 

2.5.1 Dapped End Terminology 

Figure 2-2 shows typical dapped end elements and related terminology.  The nib 

is the reduced depth portion of the section where the member is supported.  Hanger 

reinforcement is the group of reinforcing bars near the reentrant corner.  Vertical stirrups 

continue beyond the hanger reinforcement and are not shown in Figure 2-2.  The main 

dapped end reinforcement is the horizontal bars at the bottom of the nib extending into 

the full depth section.  Important dimensions used in design include: H, the full depth of 

the section; d, the depth of the flexural reinforcement; and dnib, the depth of the main 

dapped end reinforcement.  These terms will be used frequently herein and are important 

for understanding the design of dapped ends. 
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Figure 2-2 Dapped end general terminology with PCI Design Handbook labeling (drawn from 

Precast/Prestressed Concrete Institute, 2004). 

2.5.2 PCI Design Handbook 

The design of dapped ends according to the PCI Design Handbook is based upon 

two studies conducted by Mattock.  The first, conducted in the late 1970s, comprises the 

main design equations within the Handbook.  The latter improves the original design 

equations with additional findings. 

Mattock and Chan (1979) completed a study that led to the existing design 

equations for dapped ends.  Tests of eight dapped end beams provided data on the general 

behavior of dapped end sections.  Design of the specimens were based on: corbel design 

for the nib, hanger reinforcement with yield strength equal to Vu/φ, and resisting the 

moments created by two potential 45˚ failure cracks.  Variables included the amount of 

main dapped end reinforcement, hanger reinforcement, and vertical and horizontal nib 

reinforcement.  In addition, the amount of axial load introduced into the system varied 

between beams.  Five conclusions arose from the Mattock and Chan study: 

1. The nib region of the dapped end can be detailed using corbel design provisions 

with “a” being the distance from the center of the hanger reinforcement to the 

load point. 

Hanger Reinforcement, ASH

Center of Gravity of
Flexural Reinforcement, A'SH

Main Dapped End
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2. A sufficient amount of steel should be grouped near the face of the end of the full-

depth section such that Ashfy is greater than or equal to Vu/φ. 

3. The dapped end shall be designed to resist the moment produced at the possible 

failure cracks labeled 3 and 5 in Figure 2-3.  In addition, normal design should be 

conducted to ensure that the full-depth section can resist typical flexural and shear 

loadings. 

4. The main dapped end reinforcement needs to contain positive anchorage at the 

face of the nib and must extend a sufficient distance past the diagonal crack from 

the bottom corner of the beam (crack 5, Figure 2-3) to ensure proper anchorage. 

5. Horizontal reinforcement in the nib should be positively anchored to vertical bars 

at the face of the nib and should extend a distance 1.7ld beyond the reentrant 

corner. 

 
Figure 2-3 PCI Design Handbook potential failure cracks in a dapped end section (drawn from 

Precast/Prestressed Concrete Institute, 2004). 
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Upon completion of this study, the design recommendations provided by Mattock 

were incorporated into the PCI Design Handbook.  An ensuing study conducted by 

Mattock expanded on the design provisions presented in 1979 completing the current 

design provisions in the Handbook (Mattock & Theryo, 1986).   

2.5.3 Strut-and-Tie Modeling 

In recent codes, strut-and-tie modeling has been introduced as an effective design 

method to provide lower bound strengths of the disturbed regions of concrete members.  

In strut-and-tie models, struts and ties form a truss representing the flow of forces 

through a structure.  Struts represent compression loads and ties represent tension loads.  

The truss should follow the flow of forces found in the elastic stress field diagram to 

produce the most effective model.  The majority of the research utilizing strut-and-tie 

modeling for dapped ends occurred in the late 1980s and early 1990s.  The geometry of a 

dapped end allows for effective use of strut-and-tie modeling for design. 

2.5.3.1 General Strut-and-Tie Terminology 

Strut-and-tie models are composed of three elements: struts, ties, and nodes.  

Struts represent compression elements and are shown with dashed lines in the model.  

Concrete is generally the load-carrying element for struts.  Ties represent tension 

elements and are shown with solid lines in the model.  Reinforcing bars are generally the 

load-carrying elements for ties.  Finally, nodes represent the intersection of the different 

elements.  Ties are anchored within the nodal regions.  Figure 2-4 shows a typical strut-

and-tie model for a dapped end. 
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Figure 2-4 Strut-and-tie model for a dapped end that highlights terminology. 

2.5.3.2 Cook and Mitchell (1988) 

Cook and Mitchell (1988) proposed a strut-and-tie model for dapped end design.  

The model was based on fanning compression fields created in concrete structures 

disturbed by point loads.  The assumption of compression forces fanning out from the 

bottom corner of the beam provided the foundation for the strut-and-tie model.  Figure 

2-5 displays the strut-and-tie model.  Two main ties, one horizontal and one vertical, are 

utilized to transfer the loads from the bottom corner of the beam to the support.  Two 

struts intersect the horizontal tie forming a node to anchor the tie.  However, the model is 

incompatible with an elastic model.  The compression strut within the full-depth section 

connecting the horizontal tie to the vertical tie does not follow the flow of elastic forces 

and increases design forces in the vertical tie. 

Struts

Ties

Node 
Locations 
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Figure 2-5 Typical strut-and-tie model proposed by Cook and Mitchell (Cook & Mitchell, 1988). 

2.5.3.3 Barton, Anderson, Bouadi, Jirsa, & Breen (1991) 

A study conducted by Barton et al. (1991) expanded understanding of dapped end 

strut-and-tie models by measuring strains in reinforcement to determine correlation with 

design stresses.  Strut-and-tie models were compared against designs based on the PCI 

Design Handbook and Menon and Furlong (1977).  The strut-and-tie models used for 

design are shown in Figure 2-6 and Figure 2-7.  The designs are comparable to designs 

proposed by Cook and Mitchell except that Barton et al. form the node to anchor the 

main horizontal tie with a strut and vertical tie.  The models represented the elastic 

stresses more closely than Cook and Mitchell while using only orthogonal reinforcement.  

The orthogonal models by Barton et al. provide efficient placement of reinforcement for 

construction.  Upon testing the models, Barton et al. determined that the force expected in 

the second vertical tie was much smaller than calculated from the strut-and-tie model.  

Hence, the model in Figure 2-6 provides better representation of stress flow than Figure 

2-7, which produces a larger secondary vertical tie. 
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Figure 2-6 Typical orthogonal strut-and-tie model used in design (Barton, Anderson, Bouadi, Jirsa, 
& Breen, 1991). 

 

Figure 2-7 Adjusted orthogonal strut-and-tie model (Barton, Anderson, Bouadi, Jirsa, & Breen, 
1991). 

2.5.3.4 Bergmeister, Breen, Jirsa, & Kreger (1993) 

Expanding on the findings of Barton et al., Bergmeister et al. (1993) proposed a 

more detailed model to represent the forces in the dapped end (Figure 2-8).  The arching 

of the struts and ties near the bearing area model the arching action the concrete utilizes 

to carry forces into the support.  Strut C6 represents the fanning of the compressive 

stresses in the concrete while transferring from the load point to the bottom corner of the 

beam.  The fanning of compressive forces represents the capability of the concrete to 

spread the force away from the load point in order to utilize a larger area thereby 

resulting in a decrease in compressive stresses in the concrete.  The addition of strut C6 

results in a decrease of the expected force in the secondary vertical tie, T6.  The proposed 

strut-and-tie model can be utilized to estimate the capacity of a dapped end section. 
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Figure 2-8 Dapped end strut-and-tie model proposed by Bergmeister (Bergmeister, Breen, Jirsa, & 
Kreger, 1993). 

2.5.3.5 Mader (1990) 

Few dapped end studies include prestressing, and most of the prestressing studies 

utilize double-T sections.  In a study conducted by Mader, the design of prestressed I-

beam sections with dapped ends was examined.  Mader tested four dapped ends designed 

according to the PCI Handbook, the Menon/Furlong method, an orthogonal strut-and-tie 

model (OST), and a combined strut-and-tie model utilizing inclined rebar at the reentrant 

corner.  In the original design by strut-and-tie modeling, the section was idealized as 

reinforced concrete and did not include any prestressing forces.  Figure 2-9 shows the 

orthogonal strut-and-tie model used for design.  The amount of bottom reinforcement, tie 

6, was the same for all beams and provided sufficient flexural capacity to produce a shear 

failure.  The bottom reinforcing bars contained more than the required area to balance the 

necessary design tie force according to the strut-and-tie models.  In addition to the bottom 

reinforcing steel, eighteen straight prestressing strands were placed in the bottom flange 

of the beam along with six draped prestressing strands.  Each strand was stressed to 18 

kips. 
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Figure 2-9 Orthogonal strut-and-tie model used by Mader (Mader, 1990). 

Figure 2-10 shows the OST designed specimen at failure.  Notice the large 

amount of cracking located at the bottom of the beam.  The strains in the reinforcing bars 

in ties 1, 2, 3, and 6 were measured using strain gages in order to determine the action of 

the steel as the section began to crack; therefore, the researchers could determine if the 

ties and strands were acting as designed.  Analyzing the data from the OST test, Mader 

found that the strains in the strands in the transfer length never increased.  As expected, 

the strand cannot pick up any additional load within the transfer length.  The strain 

measurements revealed that most of the reinforcing performed as expected.  In the OST 

test, only the second vertical tie did not reach yield at failure.  All tests showed failure 

before the vertical stirrups away from the dapped end reached yield.  The main horizontal 

nib reinforcement and the vertical hanger reinforcement both yielded before beam failure.  

In addition to strains, strand slip was also measured and significant bond slip was 

observed in the OST specimen. 
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Figure 2-10 Orthogonal strut-and-tie designed dapped end at failure (Mader, 1990). 

From the tests, Mader developed a strut-and-tie model for prestressed dapped end 

sections shown in Figure 2-11.  The proposed model places point loads at the nodes 

within the prestressing strand transfer lengths.  The point loads represent a portion of the 

prestressing force that has been transferred to the concrete.  For the straight strands, due 

to geometric strengths, Mader applied half of the total prestressing force at each node.  

For the draped strands, three nodes collect the prestressing force with a third of the total 

draped strand prestressing force applied at each node.  Vertical ties and inclined struts 

balance the vertical load introduced by the draped strands.  
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Figure 2-11 Strut-and-tie model for prestressed dapped ends proposed by Mader (Mader, 1990). 

2.5.4 Recent Dapped End Studies 

Recent studies aimed at evaluating and improving provided design equations for 

dapped end members include work by Lin et al. (2003), Wang et al.(2005), and Herzinger 

and Elbadry (2007).  These studies have improved understanding of the behavior of 

dapped end sections.   

Lin et al. (2003) tested 24 beams with the main variable being the location and 

amount of hanger reinforcement (Figure 2-12).  Lin found that the shear strength of the 

beam increased as the effective shear span to depth ratio (a/d) decreased, where a and d 

are defined in Figure 2-12.  The study confirmed the importance of placing the hanger 

reinforcement as close to the reentrant corner as possible.  In addition, Lin introduced a 

softened strut-and-tie model to estimate the shear capacity of the dapped end. 
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Figure 2-12 Typical reinforcement layout in Lin study (Lin, Hwang, Lu, & Tsai, 2003). 

Wang, Guo, and Hoogenboom (2005) investigated multiple dapped end variables 

including orthogonal and inclined reinforcement, amounts of web reinforcement, form of 

web reinforcement (number of legs and orientation), and affect of the nib depth.  Many of 

the variables had been previously studied, but an important conclusion from the Wang 

study related to the width of the hanger reinforcement that could be effectively utilized.  

The researchers instrumented the bars of the hanger reinforcement to determine 

distribution of strains.  Strains indicated that reinforcing bars within ¼ of the nib depth 

from the center of the hanger reinforcement experienced significant stresses. Wang 

concluded that the maximum effective width of the hanger reinforcement be half of the 

nib depth. 

Most recent studies conducted by Herzinger and Elbadry (2007) have focused on 

incorporating headed reinforcing bars into dapped end sections.  The headed reinforcing 

bars would allow for simpler details by reducing development lengths.  Headed bars 

could lead to future use of inclined reinforcement due to the lack of congestion from the 

decreased development lengths as seen in Figure 2-13.  Additionally, Herzinger and 
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Elbadry utilize shear friction and diagonal bending design methods for dapped end 

sections. 

 
Figure 2-13 Detail of inclined headed reinforcement (Herzinger & Elbadry, 2007). 

2.6 SIZE OF TEST SPECIMENS 

It is important to note that most of the dapped end beams reported in the literature 

are of small-scale in relation to the trapezoidal box beams of this study.  The maximum 

width of a beam from the previously discussed dapped end studies was 9 inches 

(Herzinger & Elbadry, 2007), and a maximum depth of about 24 inches (Lin, Hwang, Lu, 

& Tsai, 2003). The trapezoidal box beams considered in the research reported herein 

range from 36 inches to 59.75 inches in width and are 54 inches deep.  No dapped end 

studies exist on beams of this size. 

2.7 OVERVIEW 

A review of the literature confirms that ASR/DEF cracking continues to be a 

problem of unknown dimensions in structures today.  The effects of the concrete 

deterioration on strength have not been clearly defined.  Flexural strengths appear 

unaffected by ASR/DEF-related concrete deterioration, but the effect on shear strength 

remains unresolved.  Studies provide instances of increases and decreases in shear 

strength in both reinforced and prestressed concrete structures. 

Additionally, ASR/DEF cracking in dapped end has not been extensively 

evaluated.  Research of prestressed dapped ends is extremely limited and large-scale 

testing does not exist.  Many different design methods exist for dapped end sections and 
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are continually being modified.  The capacities of the dapped end sections of the 

trapezoidal box beams considered in this study are estimated using the PCI Design 

Handbook and strut-and-tie modeling.
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CHAPTER 3 
 

Experimental Program 
 

3.1 BACKGROUND 

Two dapped end specimens were tested.  In this chapter, the experimental 

program for these two specimens is discussed including: specimen delivery, specimen 

details, test set-up, shear spans, and instrumentation.   

3.2 TEST SPECIMENS 

3.2.1 Delivery of Specimens 

The original beams ranged in length from 102 ft to 113 ft, weighing between 65 

and 71 ton.  Due to laboratory constraints of a maximum lifting capacity of 25 ton, the 

beams were cute into thirds to meet lab capabilities and for ease of transportation.  The 

precasting plant cut the beams and arranged shipping to J.J. Pickle Research Campus 

(PRC).  Beam segments were stored either in the Phil M. Ferguson Structural 

Engineering Laboratory (FSEL) or on site at PRC.  Transfer of beams from the truck to 

FSEL and to storage at PRC is shown in Figure 3-1 and Figure 3-2. 
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Figure 3-1 Moving the beams into FSEL. 

 

Figure 3-2 Rented crane unloading beam at PRC.  
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3.2.2 Specimen Details 

Specimens were fabricated with the intention of being installed in the US 59 

corridor in Houston.  Beams were rejected for various deficiencies including: void 

floatation/rotation, lack of consolidation, poor concrete setting, and incorrect end skew.  

Specimen labeling remained consistent with the original labeling.  Since the beams were 

cut, additional labeling was required for the three separate pieces.  Each of the three 

pieces were assigned a letter a, b, or c.  The middle sections were all labeled b and the 

two end sections were labeled a or c.  Figure 3-3 provides explanation of beam labels. 

 

 

 

Figure 3-3 Labeling of beams upon arrival to FSEL. 

3.2.2.1 General Geometric Information 

Beam cross-sections outside the end regions were consistent for all beams.  Figure 

3-4 represents a typical beam cross section.  The actual cross section contains an optional 

6-inch chamfer between the webs and bottom flange.  Strand numbers vary from 58 to 64 

with 22 to 24 unbonded strands per section.  The unbonded strands are critical in the 

dapped end regions because a significant decrease in flexural capacity occurs due to these 

unbonded strands.  For beam RF-3R-9, the flexural capacity of the 62-strand section with 

a deck as in Figure 3-5 was 10,744 kip-ft versus 6,623 kip-ft for the 38-strand section 

with a deck. 

RF-3R-9(a) 
FSEL Beam 
Section Label 

Original Beam 
Span Label 
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Figure 3-4 Typical beam cross section. 

 
Figure 3-5 Typical beam cross section with deck. 

Cross section properties at testing vary from those listed in Figure 3-4 mainly due 

to the addition of the deck slab.  Figure 3-5 represents the dimensions and properties of a 

typical cross section with the deck slab in place.  The moment of inertia and area increase 

significantly upon addition of the deck.  Additionally, the centroid moves closer to the 

top of the beam.  The deck causes the weight of the beam to increase above the crane 
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capacity resulting in the need to cut the beam before removal from the lab after testing.  

Beam properties from Figure 3-5 were used in subsequent calculations. 

3.2.2.2 Dapped End Regions 

The dapped end regions of the beam have a solid end block that extends 3 ft. 6 in. 

past the reentrant corner as seen in Figure 3-6.  The typical reinforcement detail is shown 

in Figure 3-6 and Figure 3-7.  The heavy vertical reinforcement located near the reentrant 

corner is characteristic of both strut-and-tie modeling and PCI Design Handbook design 

methods.  However, with no distinct grouping of reinforcement away from the reentrant 

corner, it is unlikely design was according to strut-and-tie modeling.  Typical orthogonal 

strut-and-tie models contain a distinct secondary vertical tie slightly into the beam away 

from the reentrant corner.  The heavily reinforced reentrant corner, designed to prevent 

failure in this region, can be seen in Figure 3-6 and Figure 3-7.  A bar anchors both the 

top and bottom of the main vertical hanger reinforcement near the nib.  The main dapped 

end horizontal reinforcement is anchored at the back face of the nib via a plate welded to 

each of the 12 horizontal bars. These features are typical of dapped end design as 

anchorage can be challenging due to the congestion of reinforcement.   
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Figure 3-6 Dapped end reinforcement detail for 54” prestressed trapezoidal box beam. 
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Figure 3-7 Dapped end reinforcing bars for 54” prestressed trapezoidal box beam. 



 

32 

Beams tested in this study include RF-3R-9(a) and RF-3R-9(c).  A brief 

description of each beam is provided below. 

3.2.2.3 RF-3R-9 

Beam RF-3R-9 was cast on July 6, 1995.  The beam was rejected at casting due to 

void floatation.  Concrete placement and consolidation appeared sufficient throughout the 

beam.  The mix design number was 392-3-95R, which specified a concrete mix with a 

water-to-cement ratio of 0.40.  No compressive strength data was provided at release or 

28-days.  RF-3R-9 had a length of 113 ft. 3 ¾ in. and contained two dapped ends.  Cut 

into three pieces, the ends had lengths of 35.9 ft. and the middle section had a length of 

39.7 ft.  RF-3R-9 contained 62 prestressing strands running the length of the beam with 

24 unbonded strands, leaving only 38 bonded strands at either end.  Strands were 

debonded in 3-ft. increments: 8 strands at 3 ft., 6 strands at 6 ft., 4 strands at 9 ft., 4 

strands at 12 ft., and 2 strands at 15 ft.  In order to provide sufficient moment capacity to 

reach failure of the dapped end, a deck was added to increase flexural capacity.  The only 

deficiency was void floatation and considerable concrete cracking.  A description of each 

segment from RF-3R-9 along with a damage assessment is provided in the following 

sections. 

3.2.2.3.1 RF-3R-9(a) 

RF-3R-9(a) measured 35.9 ft. in total length.  Void floatation resulted in final web 

thicknesses at the cut end that varied from 4 ½ in. to 6 3/8 in.  Void location changes over 

the length of the beam, therefore, actual web thicknesses in the region of testing cannot 

be determined with complete certainty.  However, NDT testing determined that the sum 

of the web thicknesses generally resulted in a total web thickness of 10 inches.  Void 

floatation also resulted in a top flange thickness that varied from 3 ½ inches to 4 3/8 

inches.  With the addition of a deck, the variation in the flange thickness becomes 

insignificant. 
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Examination of RF-3R-9(a) revealed moderate concrete deterioration.  Map 

cracking was extensive in the end region, with crack widths ranging from hairline to 0.06 

inches.  The majority of the cracking was in the end block of the box section, with a 

horizontal crack continuing into the hollow section that appears to have formed at the 

joint between casting stages.  Minimal cracking continued into the box portion of the 

beam.  Figure 3-8 shows the extent of the cracking on the west side of the dapped end.  

Neither side appeared to experience significantly more cracking than the other.  Cracks of 

large width were located across the top of the beam, with the widest crack across the top 

of the beam at the end of the end block as seen in Figure 3-8.  High heat associated with a 

large volume of concrete cast during the summer most likely facilitated DEF in the end 

block region.  Diagonal cracks radiated from the bottom corner of the beams towards 

mid-depth, similar to a shear crack, then continued horizontal near beam mid-depth.  

These cracks are noted for future evaluation of shear crack development. 

 
Figure 3-8 Moderately damaged end region of RF-3R-9(a). 
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3.2.2.3.2 RF-3R-9(c) 

RF-3R-9(c) measured 35.9 ft in total length.  Void floatation resulted in little 

affect on web or flange thicknesses as the webs both measured 5 inches and the flange 

thicknesses ranged from 4 ½ inches to 5 1/8 inches.  These dimensions matched or 

exceeded specified cross-section dimensions; therefore, void floatation resulted in 

minimal visible geometric changes from design.  However, it did appear that void 

floatation was greater near the dapped end.  The concrete was poorly placed on the top of 

the beam and the compression bars were visibly higher than intended.  This presented 

problems in casting the deck as concrete and shear reinforcement had to be removed in 

order to cast the deck. 

Examination of RF-3R-9(c) revealed moderate concrete deterioration.  Map 

cracking was extensive in the end regions, with crack widths ranging from hairline to 

0.06 inches.  Figure 3-9 shows the extent of the cracking on the west side of the dapped 

end.  Both sides appeared to experience about the same cracking.  Cracking did not 

appear as extensive as in RF-3R-9(a), but cracks of large width appeared in critical shear 

regions.  Hence, like RF-3R-9(a), RF-3R-9(c) was considered to be moderately 

deteriorated.  Similar to RF-3R-9(a), the majority of cracking occurred within the region 

of the end block, except for a large horizontal crack at mid-depth that continued along the 

length of the beam.  Again, the widest cracks appeared across the top of the beam with 

the widest crack located across the top of the beam at the end of the end block.  

Additionally, the same cracks noted in RF-3R-9(a) radiating from the bottom corner of 

the beam appeared in RF-3R-9(c).  These cracks became horizontal away from the 

dapped end.  As stated in Chapter 2, cracks due to ASR often act parallel to the 

compression stress trajectories.  The developing prestressing force introduces 

compression into the beam and causes the cracks to become horizontal moving away 

from the ends. 



 

35 

 
Figure 3-9 Moderately damaged end region of RF-3R-9(c). 

3.2.2.3.3 Overview of assessment 

Reviewing the crack patterns of RF-3R-9(a) and RF-3R-9(c), cracking appears 

more orderly than initially deduced.  Both beams appear to have developed extensive 

cracking originating from the top and bottom and continuing in a diagonal fashion 

towards mid-depth where the cracks turn horizontal.  These cracks support the concept 

that ASR/DEF-related cracking follows stress patterns.  The diagonal cracks propagating 

from the top of the beam are similar to spalling cracks often experienced in prestressed 

beams.  The diagonal cracks at the top of the beam form due to compatibility issues near 

the end of the beam, and then become vertical as tension cracks become prominent.  The 

diagonal cracks at the bottom of the beam may result from initial bursting stresses from 

the prestressing strands.  The cracks appear along stress trajectories for prestress beams 

following the pattern (referenced in Chapter 2) of ASR/DEF-related cracks aligning with 

the stresses in the beam.  There is no record of cracking after fabrication and before the 

beams were shipped to FSEL. 
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It should be noted that no information on release strengths was available for beam 

RF-3R-9; therefore, it is unknown whether the concrete achieved adequate strength at 

release since the beam was rejected.  This could explain, to some degree, the large 

tension-like cracking apparent across the top of the beam.  These tension cracks may 

have formed at stress release thereby facilitating DEF growth.   

3.2.3 Deck Casting 

Preliminary analysis of the trapezoidal box beams showed that a deck slab had to 

be added in order to provide adequate flexural capacity.  The large number of unbonded 

strands and variability in top flange thickness due to void floatation significantly altered 

the flexural capacity of the beams along the length.  Additionally, the top surface of some 

beams was not finished and would have caused difficulties when applying load to test the 

beam.  The deck slab provided a flat, even surface to set the load plates and enough 

thickness to ensure that the neutral axis was in the top flange at flexural failure. 

Wood forms were fabricated to produce a slab that measured 8 ½ inches above 

the ledge at the top of the trapezoidal shape of the box beam (Figure 3-4).  The cast-in-

place deck thickness was 4 inches above the top flange of the box beam producing a final 

top flange thickness of 8 ½ inches.  The actual thickness varied depending on void 

floatation in a given beam.  The forms were fabricated in 8-foot long segments with 5 per 

side creating a total length of 40 feet.  These general dimensions allowed the formwork to 

be used for any beam segment tested.  Individual pieces were bolted together and placed 

on ¾ inch of the ledge creating a total width of 58 ¼ in. for the deck.  Threaded rod 

passing through the deck to be cast tied together the formwork on either edge of the 

beam.  The rods held the forms in place as the concrete was placed.  A 4-inch deck 

thickness required only one layer of reinforcing bars.  Typical deck reinforcing called for 

#4 bars spaced at 9 inches longitudinally and #5 bars spaced at 6 inches transversely.  

Figure 3-10 shows the forms in place ready for casting.   
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Figure 3-10 Formwork installed ready for poor. 

The deck was cast using a 10 ksi concrete mix.  The abnormally high strength 

concrete for a deck was used in order to test the beam as quickly as possible.  An 

additional advantage of the high strength concrete was a slight increase in larger flexural 

capacity.  The top of the beam was wetted before casting to prevent the dry surface of the 

box beam from absorbing moisture from the fresh concrete.  A screed was used to level 

the concrete, and further surface preparation was performed near the load points (Figure 

3-11).  

Threaded Tie Rods 
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Figure 3-11 Casting of beam RF-3R-9(c). 

Void floatation caused problems when casting beam RF-3R-9(c).  The void 

floatation resulted in raised longitudinal and shear transfer bars.  The shear transfer bars 

extended above the formwork necessitating removal by torch cutting.  In addition, some 

concrete had to be removed to provide at least two inches of cast-in-place deck concrete 

above the existing flange.  Two inches was determined to be sufficient for bonding with 

the existing concrete and for aggregate suspension.   

3.3 SHEAR TEST 

3.3.1 Shear Test Set-up 

Testing took place at the Phil M. Ferguson Structural Engineering Laboratory 

(FSEL).  The test set-up was designed specifically for shear testing of large-scale bridge 

girders.  Figure 3-12 and Figure 3-13 contain a side view and end view of the test set-up, 

respectively.  Figure 3-14 shows a beam in the test set-up.  Load was applied via the twin 

2,000 kip hydraulic rams.  Attached to the ram head was a 12-inch diameter spherical 

head.  The spherical head reacted against a steel plate set in Hydrostone on the beam.  

The Hydrostone eliminated small imperfections at the slab surface and aided in leveling 
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the plate.  The rams reacted against the white transverse steel spreader beam, which 

subsequently transmitted the load into the brown longitudinal steel hold-down beams.  

Nuts placed above the hold down beams and below the elevated strong floor transferred 

the load from the hold-down beams, through three steel rods on each side of the beam, 

and into the reinforced concrete strong floor. 

 
Figure 3-12 Longitudinal cut through test set-up looking west. 

 

Figure 3-13 Transverse cut through test set-up looking north. 
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Figure 3-14 Beam in test set-up looking north. 

The beam rested on four load cells used to measure the applied load.  In total, 

three bearing plates supported the beam: one at the dapped end and two below the webs 

at the cut end.  The single bearing plate measured 32 x 9 inches and the twin plates 

measured 16 x 9 inches.  The single bearing plate had the long direction perpendicular to 

the longitudinal axis of the beam, whereas the twin plates were placed so the long 

dimension ran in the longitudinal direction.  Each load cell was topped with one 2-inch 

thick steel plate containing a 7-inch diameter circle counter bored 3/8-inch into the plate 

(Figure 3-15).  With the top of the load cell being slightly convex, the counter-bore 

prevented significant slippage between the steel plate and load cell.  Atop the steel plate 

was a 2 ½-inch, 5-laminate elastomeric bearing pad aiding to evenly distribute the load 

between the load cell and the concrete box beam.  The elastomeric bearing pads matched 

the dimensions of the corresponding steel plate. A bolt connected the load cells to 2-inch 

thick steel plates at the bottom completing the supports.  Figure 3-16 shows entire set-up 

for the single plate bearing and twin plates bearing. 
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Figure 3-15 Typical steel plate with 7-inch diameter, 3/8 inch deep counter-bored hole. 

     
Figure 3-16 Dapped end supports (left).  One of the two supports for the non-dapped end (right). 

The load cells at the dapped end were supported on two concrete blocks and steel 

plates in order to reach the bottom of the nib.  The bottom of the dapped end of RF-3R-

9(c) was not flat due to insufficient formwork support.  To adjust for this condition, a 2-

inch steel plate replaced the elastomeric bearing pad and grout was used to fill the gap 

and distribute the load from the concrete to the steel plate.  Figure 3-17 shows the support 

with the steel plate. 
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Figure 3-17 Grouted support for bowed dapped end bearing for RF-3R-9(c). 

3.3.2 Shear Span 

In contrast to using shear span-to-depth ratios between the support and the load 

point, many dapped end studies reported in the literature specify the distance from the 

vertical hanger reinforcement to the support as the governing dimension affecting shear 

strength.  Because the distance between the support and hanger reinforcement was set for 

all beams in this study, the spear span (ad) was taken as the distance from the centroid of 

the vertical hanger reinforcement to the location of the applied load.  As the shear span 

increased, a larger portion of the hollow section was engaged increasing the probability 

of failure in the thin web sections. 

Load plate and bearing pad locations for each beam are shown in Figure 3-18.  

The depth to the centroid of the prestressing strands in each beam was about 53.2 in. from 

the top of the slab, resulting in an ad/d of 0.94 and 1.58 for beams RF-3R-9(a) and RF-

3R-9(c), respectively.  The two shear spans values were close to the minimum and 

median of the desired range.  Furthermore, a shear span of 0.94d corresponds to a shear 

span-to-depth ratio of about 2.0 with respect to the effective depth of the nib.  The shear 

span of 0.94d was used to investigate the effect of the ASR/DEF-related concrete 

deterioration on the nib portion of the beam.  A shear span of 1.58d engaged a larger 
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Extra steel plate to achieve 
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portion of the hollow section of the beam while still applying the point load near the 

disturbed end region.   

The elevated testing slab ended about 24 ft. from the load point on the opposite 

side of the tested span.  Hence, a distance of 22.5 ft. was used for the long shear span 

creating a total span of 27 ft. 10 in. for RF-3R-9(a) and 30 ft. 8 in. for RF-3R-9(c) as 

shown in Figure 3-18. 

 
Figure 3-18 Load plate and bearing pad locations. 
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3.3.3 Instrumentation 

3.3.3.1 RF-3R-9(a) 

Deflection, load, and crack opening at the reentrant corner were measured.  

Deflection was measured in four different locations along the length of the beam using 

linear potentiometers ranging from 2 to 6 inches stroke.  Linear potentiometers were 

placed at each support, at the bottom of the beam near the reentrant corner, and at the 

load point.  Steel plates were glued to the bottom of the beam to facilitate deflection 

measurements and protect the linear potentiometers from spalling concrete.  Figure 3-19 

shows a linear potentiometer installation.  Two 1,000 kip load cells were placed at each 

support to measure support loads. 

                     
Figure 3-19 Linear potentiometer installed at support. 
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In addition, linear potentiometers measured opening of cracks at the reentrant 

corner.  Three linear potentiometers attached to three aluminum plates were arranged to 

form a 45-degree right triangle with the diagonal near the reentrant corner (Figure 3-20).  

Piano wire connected the linear potentiometers to eye screws on the aluminum plates.  To 

attach the plates to the beam, three ½-inch holes were drilled into the concrete to form a 

45-degree right triangle with leg lengths of two feet.  The holes extended past the exterior 

shear reinforcement into the core concrete.  Bolts were then epoxied into the holes as 

seen in Figure 3-21.  Once the epoxy had set, two nuts and washers connected the plates 

to form this crack and shear distortion measuring apparatus.  The plates were aligned in 

the same plane.  The linear potentiometers, eye screws, and piano wire were arranged 

such that the centerline of linear potentiometers intersected the bolts.  As such, the linear 

potentiometers measure the relative movement of the bolts with respect to one another.  

Originally constructed to measure shear deformations, in this application, the diagonal 

provides a measure of the opening of cracks at the reentrant corner, and the horizontal 

and vertical potentiometers measure opening of any cracks that cross the gaged length.  

The shear distortion apparatus was only installed on the west side of the beam. 

                                       
Figure 3-20 Set-up to measure crack opening at the reentrant corner. 
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Figure 3-21 Threaded rod epoxied into predrilled hole in trapezoidal box beam. 

3.3.3.2 RF-3R-9(c) 

The same instrumentation used for beam RF-3R-9(a) was placed on beam RF-3R-

9(c).  The longer shear span and information from the first test lead to additional 

instrumentation for this beam.  The shear distortion instrumentation was used to measure 

crack openings at the reentrant corner on both sides of the beam and shear deformations 

and crack openings in the web portion within the shear span.  Using a longer shear span 

resulted in engagement of a larger portion of the thin web of the box section.  

Distinguishing the area as a possible failure zone, and a potential location for large 

cracks, measuring the elongations in the region provided a further understanding of 

behavior.  Installation was identical to the device at the reentrant corner from beam RF-

3R-9(a).  Figure 3-22 shows the crack measuring instrumentation installed and Figure 

3-23 gives dimensions. 
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Figure 3-22 Crack measuring/shear distortion instrumentation installed at reentrant corner and in 

web. 

 

Figure 3-23 Dimensions of shear distortion instrumentation. 

After testing RF-3R-9(a), strand slip appeared to be an important factor in the 

beam failure.  In addition, according to the strut-and-tie model for RF-3R-9(c), shear 

induced anchorage was a possible governing failure mechanism.  As such, two additional 

linear potentiometers were attached to strands.  Figure 3-24 shows installed strand slip 
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linear potentiometers.  The potentiometers were fixed to the strands while the measuring 

rod butted against the concrete.  As the strand moved relative to the concrete, the linear 

potentiometer measured the corresponding differential movement. 

 
Figure 3-24 Linear potentiometers installed to measure strand slip. 

3.4 OVERVIEW 

Two dapped end sections of beam RF-3R-9(a) were tested at FSEL in order to 

evaluate the response of the dapped end, which exhibited significant concrete cracking 

due to ASR and DEF.  Tests were conducted at shear span-to-depth ratios of 0.94d and 

1.58d, representing the minimum and maximum of the desired testing range.  A deck was 

added to the beams to ensure that failure occurred within the dapped end section.  

Instrumentation was installed to measure the response of the dapped end under applied 

load.  Chapter 4 continues with results from the dapped end testing. 
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CHAPTER 4 
 

Testing and Results 
 

4.1 INTRODUCTION 

The two dapped ends of beam RF-3R-9 were tested.  The two ends were cut from 

the original beam and labeled RF-3R-9(a) and RF-3R-9(c).  Each beam measured 35.9 ft. 

in length and 58 in. in total depth (a 54 in. deep trapezoidal box beam with a 4 in. 

composite deck) with identical reinforcement details at both dapped ends.  Cracks 

associated with ASR/DEF deterioration were marked prior to testing in order to 

distinguish them from cracks that formed under load. 

Load increments varied throughout the test.  Initially, increments of 50 kips were 

used.  As loading approached critical points in the loading history, such as the shear 

cracking, flexural cracking, and failure load, increments were decreased to 25 kips in 

order to accurately record the critical loads.  In both specimens, failure loads exceeded 

those calculated using strut-and-tie modeling and the PCI Design Handbook.  Only a few 

shear cracks formed before failure resulting in little warning of failure.   

Beams were oriented in the north-south direction in the test-set up with the 

dapped end to the north.  Future references to beam faces will refer to the west and east 

sides of the beam accordingly. 

Loads reported in Chapter 4 are applied loads.  The reported failure loads and 

shear forces do not include the self-weight of the beam or the weight of the loading 

frame, 11 kips, which contribute to the total loads resisted by the beams.  A free body 

diagram showing the loads reported is shown in Figure 4-1.  Self-weight reactions are 

presented in Appendix A. 
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Figure 4-1 Free body diagram showing loads reported in Chapter 4. 

4.2 TEST RESULTS 

4.2.1 Test of Dapped End RF-3R-9(a) 

The shear span from the centroid of the hanger reinforcement to the load point 

was set at 50 inches to create a shear span-to-depth ratio of 0.94 with respect to the depth 

to the centroid of 62 prestressing strands (Figure 3-18).  The pre-test condition of the 

beam was assessed as moderately damaged as shown in Figure 4-2 and Figure 4-3.  The 

vertical cracks near the start of the void, labeled 5 and 8, were the widest cracks while the 

cracks near the reentrant corner, labeled 2 and 6, were the smallest of the recorded crack 

widths.  The large amount of reinforcement at the reentrant corner restrained cracking 

and resulted in the smallest crack widths.  Throughout the section, crack widths ranged 

from hairline to 0.06 in.   
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Figure 4-2 Pre-test cracking and crack widths due to ASR and DEF on the west side of the tested 

shear span of beam RF-3R-9(a). 
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Figure 4-3 Pre-test cracking and crack widths due to ASR and DEF on the east side of the tested 
shear span of beam RF-3R-9(a). 

4.2.1.1 Dapped End Behavior 

The first visible cracks occurred at an applied load of 300 kip.  The new cracking 

was minimal with existing cracks extending and connecting.  Small crack extensions, less 

than 3 in. long, were the only visible new cracks up to an applied load of 900 kips.  At 

900 kips, a few new cracks were 6 in. long, but overall shear cracking was still minimal.  

When loading reached 1,030 kip, there was a 40 kip load drop.  Figure 4-4 shows the 

condition of the beam under 1,000 kip load just before the load drop occurred.  After 

inspection, no distinct failure was visible and loading continued up to 1,083 kips when a 

loud noise was heard accompanied by a load drop of 70 kips. 
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Figure 4-4 Cracking in beam on the east (left) and west (right) sides of the beam at a load of 1,000 

kips. 

Figure 4-5 shows cracking just before failure.  Figure 4-6 and Figure 4-7 show 

cracking after failure.  Minimal shear cracking due to the load was visible pre-failure.  

The new shear cracks, plotted in red, align with existing ASR/DEF cracks.  The thick red 

lines in Figure 4-6 and Figure 4-7 highlight existing cracks that opened significantly at 

failure.  Crack 7 on the east side opened to 0.125 in. at failure from an initial width of 

0.025 in.  No crack measured greater than 0.06 in. on the west side of the beam. 

The failure of beam RF-3R-9(a) can be attributed to a shear induced bond failure.  

Shear cracks extended downward from the load point towards the bottom corner of the 

beam.  A shear induced bond failure occurred since there was a very short (or no) length 

of embedment to anchor the tendons.  As the strand slipped, there was a loss of load.  

ASR/DEF cracking in the strand anchorage zone may have contributed to the failure by 

reducing the bond stresses that could be developed along the strand.  Additionally, bond 

failure may have been exacerbated by the lack of compression across the development 

length at the end of the beam. 

 

Void 
Region 

Void 
Region 

Applied Load: 
1,000 k 

Applied Load: 
1,000 k 

Shear: 
809 k 

Shear: 
809 k 



 

54 

 

 

 

Figure 4-5 Cracking in beam on the east (left) and west (right) sides of the beam prior to failure. 

 

 

Figure 4-6 Cracking on the west side of beam RF-3R-9(a) after failure. 
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Figure 4-7 Cracking on the east side of beam RF-3R-9(a) after failure. 

Table 4-1 Crack widths of existing cracks before and after failure for beam RF-3R-9(a). 

Crack 1 2 3 4 5 6 7 8 9 
Width 
Before 
Testing 

0.030 0.013 0.030 0.013 0.060 0.005 0.025 0.050 0.040 

Width at 
Failure 0.025 0.016 0.040 0.013 0.060 0.016 0.125 0.050 0.040 

 

The shear crack pattern closely followed the ASR/DEF cracking pattern in the 

area.  Additionally, the east side of the beam experienced a limited amount of shear 

cracking even at failure due to the single large failure crack labeled 7 in Figure 4-7.  The 

two cracking patterns provided minimal warning before failure.  Additionally, there was 

no significant cracking distinguishable from the ASR/DEF-related cracking that indicated 

failure had occurred.  
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4.2.1.2 Measured Data 

4.2.1.2.1 Load- Deflection 

Load-deflection data at the load point relative to the supports is presented in 

Figure 4-8.  The graph is linear up to 900 kips where the first slope change occurs.  The 

slope change at 900 kips corresponded with the observation of significant cracking in the 

beam.  At 1,030 kips, the first load drop occurred.  At this point the load-deflection plot 

became nearly horizontal with large deflections under little additional load.  The beam 

failed at a load of about 1,083 kips and deflection of about 0.26 inches. 

 
Figure 4-8 Load-deflection plot for beam RF-3R-9(a) at load point relative to supports. 

4.2.1.2.2 Crack Opening 

The apparatus for measuring shear deformation provided an indication of the 

crack widths at the reentrant corner on the west side of beam RF-3R-9(a).  Figure 4-9 
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shows the results gathered from the shear distortion apparatus during testing.  The length 

of the diagonal increased by 0.005 in. over a gage length of 34 1/8 in.  The small 

extension would indicate that the steel at reentrant corner did not yield.  This data 

supports the observations that no additional cracks formed or opened at the reentrant 

corner.  

 
Figure 4-9 Measurements of crack opening at reentrant corner on west side. 

4.2.2 Shear Test Dapped End RF-3R-9(c) 

RF-3R-9(c) was loaded at a shear span of 84 inches from the centroid of the 

hanger reinforcement to the load point creating a shear span-to-depth ratio of 1.58 with 

respect to the depth to the centroid of the 62 prestressing strands (Figure 3-18).  The 

larger shear span tested in beam RF-3R-9(c) engaged a larger portion of the hollow 

section of the box beam increasing the probability of shear failure occurring in the 5 in. 

thick webs.  The beam was classified as moderately damaged.  ASR/DEF cracking in the 
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shear span can be seen in Figure 4-10 and Figure 4-11 along with crack widths.  Pre-

existing cracks had large widths ranging from hairline to 0.06 in.   

 
Figure 4-10 Pre-test cracking and crack widths due to ASR and DEF on the west side of the tested 

shear span of beam RF-3R-9(c). 
 

 
Figure 4-11 Pre-test cracking and crack widths due to ASR and DEF on the east side of the tested 

shear span of beam RF-3R-9(c). 
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4.2.2.1 Dapped End Behavior 

The first new cracking originated in the thin web and was visible at a load of 600 

kips.  At 750 kip, existing cracks began visibly widening.  Specifically, cracks at 

locations 3, 5, 8, and 10.  Flexural cracking became visible at a load of 850 kips.  Just 

prior to failure, the flexural cracks extended into the web of the beam.  Figure 4-12 shows 

cracking before failure.  Figure 4-13 and Figure 4-14 show cracking after failure.  Again, 

minimal shear cracking due to the applied load was visible before failure.  It was difficult 

to distinguish between the new shear cracks, shown in red, and the existing ASR/DEF 

cracks, shown in blue.  Similar to beam RF-3R-9(a), the inability to distinguish between 

ASR/DEF cracks and shear cracks results in minimal warning of impending failure.  The 

thick red lines in Figure 4-13 and Figure 4-14 highlight existing cracks that opened 

significantly at failure.  Widest cracks on the east side of the beam were the result of 

existing cracks opening whereas widest cracks on the west side of the beam were 

associated with new shear cracking.  As such, existing cracks on the west side opened 

less than cracks on the east side. 
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Figure 4-12 Cracking in beam RF-3R-9(c) on the east (left) and west (right) sides prior to failure. 

 

 

 

 

 

 

 

Figure 4-13 Cracking on the west side of beam RF-3R-9(c) after failure. 
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Figure 4-14 Cracking on the east side of beam RF-3R-9(c) after failure. 

Table 4-2 Crack widths of existing cracks before and after testing for beam RF-3R-9(c). 

Crack 1 2 3 4 5 6 7 8 9 10 11 12 

Initial 
Width 0.030 0.025 0.030 0.060 0.035 0.030 0.016 0.030 0.035 0.020 0.050 0.040 

Final 
Width 0.030 0.025 0.050 0.060 0.060 0.035 0.020 0.080 0.035 0.125 0.040 0.050 
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Again, the shear crack pattern from the applied load closely follows the ASR/DEF 

cracking pattern in the area.  However, cracking at failure in beam RF-3R-9(c) is more 

typical of a shear failure than that exhibited by beam RF-3R-9(a).  There was evidence of 

movement along the wide cracks located in the critical failure region. 

Beam RF-3R-9(c) resisted a maximum load of 920 kips before failing due to a 

shear induced bond failure.  Cracks extended and opened within the transfer length of the 

strands.  Cracks opened much wider than in beam RF-3R-9(a), indicating greater 

engagement of the vertical reinforcement in the section.  Again, there was little evidence 

of distress before the beam failed. 

4.2.2.2 Measured Data 

4.2.2.2.1 Load vs. Deflection 

Load plotted against deflection at the load point relative to the supports is shown 

in Figure 4-15.  The graph is linear up to 600 kips where a change in slope is evident.  

The slope change coincided with first visible shear cracking.  A significant slope change 

occurred at a load of 850 kips where first flexural cracking was seen.  At a load of 900 

kips, the load-deflection plot became nearly horizontal.  The load drop at about 0.42 in. 

deflection corresponds to the point in the test when loading was stopped because 

significant deflection was occurring with little load increase.  The load dropped gradually 

while the condition of the beam was being assessed.  No failure was discovered, so 

loading continued.  At about 0.56 in. deflection, failure occurred accompanied by a loud 

noise and a 15% load drop. 
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Figure 4-15 Load-deflection plot for beam RF-3R-9(c) adjusted for rigid body movement. 

4.2.2.2.2 Crack Opening 

The shear distortion instrumentation provided an indication of crack opening at 

the reentrant corner on both sides of the beam.  Figure 4-16 shows the results gathered 

from the shear distortion apparatuses during testing of beam RF-3R-9(c).  Crack 

openings, measured in inches, are reported because strains are negligible in this case.  

The extension along the diagonal was 0.0014 in. over a gage length of 35 3/8 in.  The 

small extension would indicate that the steel crossing the crack at the reentrant corner did 

not yield due to the applied load.  The data supports the results from the crack patterns, 

which also showed no indication of additional cracking or crack opening in the area. 
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Figure 4-16 Crack opening measurements at reentrant corner for west (left) and east (right) sides of 
beam RF-3R-9(c). 

The shear distortion instrumentation placed in the web portion on the east and 

west sides of the box section produced significantly different results than at the reentrant 

corner.  Results of crack opening measurements are reported as strains because the strains 

provide pertinent information on behavior of the reinforcement in the web region.  Figure 

4-17 shows the measurements gathered from the shear distortion apparatus on the west 

side of beam RF-3R-9(c) during testing.  At 600 kips, the vertical transducer began to 

exhibit deformations which corresponds to the load at which a new crack crossing the 

vertical was first noticed.  This was also the point of first slope change in the load-

deflection plot.  Figure 4-18 shows the crack passing through the vertical measurement 

distance.  Upon reaching the failure load, strains in the vertical leg reached 0.2% 

signifying that the vertical reinforcement in the region had yielded.  However, the onset 

of yield appeared to occur at a strain of 0.12%, which indicates that the steel may have 

experienced strain due to ASR/DEF expansions before loading.  Strains of 0.2% in the 

horizontal and diagonal directions do not directly indicate yield because the steel was not 

oriented in those directions.  Additionally, deflection along the horizontal leg began 

extending near the failure load indicating that cracking had become more widespread at 

failure. 
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Figure 4-17 Strain measurements from shear distortion apparatus at the web on the west side of 

beam RF-3R-9(c). 

 

Figure 4-18 Picture highlighting the new shear crack passing through the vertical measuring leg. 

The shear distortion apparatus placed in the web portion on the east side of the 

box section produced similar results to the apparatus on the west side.  Figure 4-19 shows 

the measurements gathered from the shear distortion apparatus on the east side of beam 
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RF-3R-9(c) during testing.  Results are again reported in terms of strain.  On the east side 

of the beam, the horizontal transducer began recording measurable cracks at a load of 600 

kips.  This corresponds to the load when a crack crossed the horizontal leg as seen in 

Figure 4-20.  At 650 kips, the diagonal transducer also began recording significant crack 

openings.  The horizontal and diagonal legs continued to measure deformations at the 

same rate indicating that the new cracks across the horizontal were the main cracks 

opening up to a load of about 900 kips.  Vertical measurements were unchanged until a 

load of 900 kips was reached where significant crack openings were measured although 

very little load was added.  Two scenarios could explain the rapid increase in crack 

widths in the vertical direction. 

1. ASR/DEF expansion resulted in yielding of the vertical ties in the area 

resulting in significant deformations once the vertical ties began taking 

additional load. 

2. Inability of the beam to take additional load was governed by other 

systems within the beam preventing load increase while the stirrups began 

taking load.  Eventually the stirrups reached yield further hindering the 

ability of the beam to resist load. 

Insufficient evidence could be gathered to confirm either hypothesis, but enough 

deformation occurred at the failure load to determine that stirrups had yielded.  Again, the 

ASR/DEF expansion appeared to have caused strain in the stirrups resulting in an 

apparent yield strain of 0.08% versus the expected steel yield strain of 0.2%.  At failure, a 

new crack had developed through the vertical leg (Figure 4-20) which connected to an 

existing crack that opened to 0.125 in. causing large strains in the vertical leg. 
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Figure 4-19 Strain measurements from the shear distortion apparatus at the web on the east side of 

beam RF-3R-9(c). 

 

Figure 4-20 Picture highlighting shear cracks passing through the horizontal and vertical legs of the 
shear distortion apparatus. 
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4.2.2.2.3 Strand Slip 

As indicated earlier, strand slip occurred during failure of beam RF-3R-9(a) and 

led to the decision to measure strand slip for beam RF-3R-9(c).  Figure 4-21 shows the 

results of the strand slip measurements.  The strand that was debonded 3 ft. into the 

section, started to slip before the fully bonded strand.  However, both strands slipped 

earlier than expected based on strand development calculations.  The early strand slip 

supports the assumption that a shear crack formed across the strands forcing the strands 

to develop more stress than would be required under purely flexural loads.  The fact that 

there is little difference between the slip load of the two strands also supports the finding.  

Under normal flexural loadings, the critical flexural section fell within the development 

length of the debonded strand, whereas the bonded strand was fully developed.  As such, 

if debonding occurred due to purely flexural loads, the debonded strand would have 

started slipping at a much lower load than the bonded strand. 

 
Figure 4-21 Measured strand slip under loading. 
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4.3 CYLINDER TESTS 

Each beam was cored following testing to obtain cylinders for compressive 

strength tests of the concrete in the 13-year-old beams.  The cores measured 3 ¾ in. in 

diameter and anywhere from 7 in. to 7.5 in. in length at testing.  Extracted cores 

measured anywhere from 7 in. to 9 in. in length.  The cores were cut to a length of 7.5 in. 

when possible to create a 2-to-1 aspect ratio with respect to the diameter.  The cut also 

removed the rough surface created when the core broke from the beam.  Cylinders from 

both beams were extracted from the end of the dap where reinforcement could be easily 

avoided as shown in Figure 4-22.  Cores were unable to be taken in other regions without 

hitting reinforcement or shear damaged regions. 

 
Figure 4-22 Location of cores taken from beam RF-3R-9(a). 

Results from cylinder tests of beam RF-3R-9(a) are provided in Table 4-3.  The 

average core strength was 10.1 ksi.  The exterior of the end regions of beam RF-3R-9(a) 

appeared relatively uncracked.  Core strengths were very similar to the original estimated 

compressive strength of 10 ksi. 
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Table 4-3 Concrete cylinder core strengths from beam RF-3R-9(a). 

Cylinder
Load 
(lbs) 

Strength 
(ksi) 

Length 
(in) 

A  112690  10.2  7.0625 

B  109030  9.87  7.4375 

C  111690  10.1  7.5 

 

Results from cylinder core tests of beam RF-3R-9(c) are provided in Table 4-4.  

In contrast to beam RF-3R-9(a), the exterior of the core locations exhibited substantial 

cracking from ASR/DEF as seen in Figure 4-23.  Core strengths from beam RF-3R-9(c) 

were significantly less than those from beam RF-3R-9(a).  Average compressive stress 

was 7.05 ksi.  Damaged cores fail at lower loads than undamaged cores and the 

compressive strength of damaged cores does not accurately represent the strength of the 

in situ concrete.  As such, it is assumed that concrete strength of beam RF-3R-9(c) is 

greater than the 7.05 ksi measured from the cores and closer to the strengths from beam 

RF-3R-9(a). 

Table 4-4 Concrete cylinder core strengths from beam RF-3R-9(c). 

Cylinder
Load 
(lbs) 

Strength 
(ksi) 

Length 
(in) 

A  80942  7.33  7.0625 

B  75684  6.85  7.4375 

C  77072  6.98  7.5 
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Figure 4-23 Location of cores taken from beam RF-3R-9(c). 

4.4 SUMMARY  

Two tests were conducted on dapped end specimens RF-3R-9(a) and RF-3R-9(c) 

at shear spans of 0.94d and 1.58d, respectively, where d is the effective depth of the 

flexural reinforcement for the full-depth beam.  Beam RF-3R-9(a) exhibited a larger 

load-carrying capacity than beam RF-3R-9(c) with both beams failing by a shear induced 

bond slip mechanism.  No new cracks or widening of existing cracks were measureable 

within the dapped end region of the beam suggesting that the dapped end did not control 

the capacity.  Additionally, neither beam experienced extensive cracking until after 

failure, which provided little warning that the beam was near capacity.  Chapter 5 

includes a comparison of the results to calculated loads based on code provisions.

C  B  A 
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CHAPTER 5 
 

Comparison of Measured Failure Loads with Code Provisions 
 

5.1 INTRODUCTION 

Few design codes outline specific methods to compute dapped end capacities.  

ACI318-08 Building Code Requirements for Structural Concrete and Commentary and 

2007 AASHTO LRFD Bridge Design Specifications strut-and-tie modeling provisions are 

utilized to design reinforcement in disturbed regions, such as a dapped end.  Strut-and-tie 

models require a significant amount of engineering discretion in design with various 

possible models.  The PCI Design Handbook (2004), on the other hand, contains set 

guidelines and equations used to determine the required reinforcement in the dapped end 

portion of a beam.  PCI, ACI318-08, and AASHTO LRFD design methods are intended 

as lower bound equations for detailing reinforcement, not to determine failure loads or 

mechanisms.  However, these are the only methods available today to estimate dapped 

end capacities.  In this chapter, PCI, ACI318-08, and AASHTO LRFD design procedures 

will be used to compare computed dapped end capacities to experimental failure loads.  

Additionally, a cut section analysis will be developed based on the post failure condition 

of the beam. 

Shear forces reported in Chapter 5 are total shear forces experienced by the 

section.  The reported shear loads include: measured shear due to the self-weight of the 

beam, calculated shear from weight of the loading frame (11 kips), and measured shear 

from the extension of the rams.   A free body diagram displaying contributing shear 

forces is shown in Figure 5-1.  Shear contribution from the weight of the loading frame 

was calculated using on statics whereas shear contribution from the weight of the beam 

and extension of the beams was measured by the load cells.  Beam weight reactions are 

presented in Appendix A. 
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Figure 5-1 Free body diagrams showing total failure load of beam. 
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5.2 CALCULATED FAILURE LOADS 

5.2.1 Strut-and-Tie Model 

Strut-and-tie models are generally used in design to provide a lower bound 

solution for the reinforcement layout in disturbed beam regions.  In this section, strut-

and-tie models are used in an attempt to estimate the failure load for the beams tested 

with existing reinforcement layouts.  In the strut-and-tie models presented herein, struts, 

ties, and critical singular nodes were checked to determine failure loads.  Calculations 

can be found in Appendix C.  The load determined in this section provides a lower bound 

estimate of the load carrying capacity of the beams.  

5.2.1.1 ACI 318-08 Building Code Strut-and-Tie Model Provisions 

5.2.1.1.1 RF-3R-9(a) 

Beam RF-3R-9(a) was tested at a shear span of 50 inches with the distance from 

the centroid of the hanger reinforcement to the load point creating the shear span.  The 

shear span-to-depth ratio (ad/d) was 0.94d, where d is the effective depth of the flexural 

reinforcement for the full-depth beam as seen in Figure 5-2.  The typical dapped end 

strut-and-tie model proved insufficient due to the large forces anticipated in tie 3 (Figure 

5-2).  These large stresses resulted in beam failure at unrealistically low loads.  The lack 

of a localized second vertical tie in the reinforcement layout required adjustment of tie 

location in the model to engage as much reinforcement as possible (Figure 5-3).  An 

additional strut, S5 (Figure 5-4), reduced the stresses in tie 3 allowing for greater load 

carrying capacity of the section, while balancing the additional horizontal force in node 4 

produced from the angle change of strut S3. 
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Figure 5-2 Typical strut and tie model for a dapped end section. 

 

Figure 5-3 Non-prestressed reinforcement (red) with strut-and-tie model overlay for beam RF-3R-
9(a). 
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Figure 5-4 Proposed ACI strut-and-tie model for beam RF-3R-9(a). 

The action of member S/T4 in the strut-and-tie model (Figure 5-4) is not intuitive.  

Initially, the member acted as a strut due to the compression in the concrete from the 

prestress force.  The prestress force must be overcome in order for member S/T4 to begin 

acting as a tie.  Once overcome, the only additional tension force that can be carried by 

the tie would be from the three 2-legged #6 non-prestressed reinforcement shown in 

Figure 5-3.  Because node 3 is located within the transfer length of the prestressing 

strands, the strands cannot develop any additional stress and failure will result when the 

non-prestressed reinforcement yields.   

The forces induced by the straight prestressing strands were handled similar to the 

procedure proposed in the thesis by Mader (1990).  Mader proposed applying half of the 

total prestressing force at each of the two bottom nodes, 3 and 5.  However, in the models 

included herein, forces were applied to nodes 3 and 5 according to the amount of force 

that could be transferred by the prestressing strands over the length from the end of the 
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beam to the node.  In order to develop additional force at node 3, the extended nodal 

region defined the point at which the prestressing strand anchorage commenced.  The 

extended nodal zone represents the extension of the strut width until it intersects with the 

ties anchored in the node, as shown in Figure 5-5.  Anchorage of the ties begins at the 

strut-tie intersection.  Thus, for node 3, the length available to develop the prestressing 

force from the end of the beam to the end of the extended nodal region is 18 3/8 inches.  

Total effective prestressing force after allowances for losses from the 38 fully bonded 

strands stressed at 22.7 kips was 863 kips, with 529 kips or ቀ18.375݅݊
30݅݊

ቁ ൈ ሺ879݇݅݌ሻ applied 

at node 3.  The use of the extended nodal region produced more realistic failure loads.  

The remaining effective prestress force was applied at node 5.   

 

Figure 5-5 Extended nodal region at node 3. 

Due to the large amount of concrete in the dapped end region, it was found that a 

tie failure mechanism would govern.  Analysis of the model reveals a maximum shear 

force of 395 kip governed by yield of tie 3.  Table 5-1 provides the shear forces 

corresponding to the yielding of a given tie.  All struts and nodes provided sufficient 

strength to confirm that tie 3 controlled failure of the dapped end region of beam RF-3R-

9(a).  Complete calculations are available in Appendix C. 
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Table 5-1 Tie capacities for beam RF-3R-9(a). 

Tie 
Force per 

Unit 
Shear       

Area 
Provided   
(in2) 

Shear at Tie 
Failure            
(kip) 

Notes 

T1  0.84  7.20  515  Only includes main dap reinforcement (12 #7 bars) 

T2  0.77  7.84  611  Hanger reinforcement (8‐2 legged #6 bars, 2‐2legged #4 bars) 

T3  0.63  4.16  395  Includes 6‐2 legged #4 bars and 4‐1 legged #6 bar 

S/T4  0.95  2.64  725 
Includes nonprestressed reinforcement (3‐2 legged #6 bars) and 
includes additional compression from extended nodal region 

 

5.2.1.1.2 RF-3R-9(c) 

Beam RF-3R-9(c) was tested at a shear span of 84 inches with the distance from 

the centroid of the hanger reinforcement to the load point creating the shear span.  The 

shear span-to-depth ratio (ad/d) was 1.58d, where d is the effective depth of the flexural 

reinforcement for the full-depth beam (Figure 5-2).  The strut-and-tie model was 

analyzed using the same assumptions as the previous model with the sole difference 

being the change in the shear span.  Figure 5-6 represents the proposed model including 

critical nodes.  In contrast to the model in Figure 5-4, the second vertical tie, 3 in Figure 

5-4, is broken into two separate ties in an attempt to spread the vertical force to as much 

of the reinforcement as possible in the region between the hanger reinforcement and load 

point (Figure 5-7).  Additionally, since the vertical reinforcement does not extend into the 

deck slab, strut 2 becomes horizontal when connecting between the two vertical ties.  

Again, ties control the behavior of the beam with tie 2 yielding at a shear force of 470 

kip.  All struts and nodes have greater capacities confirming that tie 2 controlled failure 

of the dapped end region of beam RF-3R-9(c).  Table 5-2 provides the shear forces 

corresponding to tie failure.  Complete calculations are available in Appendix C. 
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Figure 5-6 ACI strut-and-tie model proposed for beam RF-3R-9(c). 

 

Figure 5-7 Non-prestressed reinforcement (red) with strut-and-tie model overlay for beam RF-3R-
9(c). 
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Table 5-2 Tie capacities for beam RF-3R-9(c). 

Tie 
Force per 
kip Shear     
(kip) 

Area 
Provided   
(in2) 

Maximum 
Shear Available    

(kip) 
Notes 

T1  0.84  7.20  515  Only includes main dap reinforcement (12 #7 bars) 

T2  1.00  7.84  470  Hanger reinforcement (8‐2 legged #6 bars, 2‐2legged #4 bars) 

T3  0.37  3.36  551  Includes 6‐2 legged #4 bars and 4‐1 legged #6 bars 

S/T4  1.37  2.64  514 
Includes nonprestressed reinforcement (3‐2 legged #6 bars) and 
includes additional compression from extended nodal region 

T5  0.178  1.6  539  Includes 4‐2 legged #4 bars 

 

5.2.1.2 2007 AASHTO LRFD Bridge Design Specifications 

For both beams tested, the AASHTO LRFD design provisions were applied to the 

same strut-and-tie geometry as in the ACI318-08 design.  When analyzing an existing 

reinforcement layout using AASHTO LRFD and strut-and-tie modeling, the process is 

iterative.  Therefore, to simplify the procedure, failure loads from the ACI318-08 strut-

and-tie model were used in the AASHTO LRFD models as an initial guess to check the 

stresses in the members.  The main difference between calculations in AASHTO LRFD 

and ACI318-08 is that AASHTO LRFD changes the efficiency factor of a strut based on 

the strain and angle of the crossing tie.  Both a decreasing strut-to-tie angle and 

increasing tie strains result in decreasing strut efficiency factors.  Like ACI318-08, design 

according to AASHTO LRFD produced failure by yielding of tie 3 in beam RF-3R-9(a) 

and yielding of tie 4 in beam RF-3R-9(c).  All struts and nodes again proved satisfactory 

for the given failure modes.  Complete calculations are available in Appendix C. 

Figure 5-8 and Figure 5-9 represent the strut-and-tie models used for analysis 

according to AASHTO LRFD.  The models are identical to the ACI318-08 models with 

only a few labeling discrepancies.  Labeling of struts and ties in AASHTO LRFD is 

slightly different from ACI318-08 because AASHTO LRFD defines prestressing tendons 

as ties with zero strain until the prestressing force is overcome.  As such, the bottom 

members were labeled as ties in the AASHTO LRFD model, in contrast to the strut/tie 

labels in the ACI318-08 model. 
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Figure 5-8 Proposed AASTHO strut-and-tie model for beam RF-3R-9(a). 

 

Figure 5-9 Proposed AASHTO strut-and-tie model for beam RF-3R-9(c). 
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5.2.2 PCI Handbook Design 

The PCI Design Handbook discusses dapped end design in Section 4.6.3.  A crack 

emanating from the reentrant corner governs the design of this particular dapped end.  

According to the PCI Design Handbook, the shear capacity of the dapped end is 470 kip.  

The other handbook design provisions produce much larger failure loads.  Direct shear 

and flexural capacity of the nib produce design shear strengths of 921 kip and 659 kip, 

respectively.  Failure due to diagonal tension in the extended end produces a shear 

capacity of 827 kip.  Further discussion of PCI design methods is available in Chapter 2.  

Calculations are available in Appendix C. 

5.3 COMPARISON WITH CALCULATED LOADS 

Computed load carrying capacities of the dapped end sections are compared with 

measured capacities in Table 5-3.  Calculated design shear values using ACI318-08 and 

AASHTO LRFD provisions are based on strut-and-tie models whereas the PCI Design 

Handbook uses straightforward provisions to calculate capacity of the beam.  For beam 

RF-3R-9(a), the PCI design equations produced more accurate failure loads than ACI318-

08 and AASHTO LRFD provisions.  For beam RF-3R-9(c), all calculated failure loads 

were the same with yield of the hanger reinforcement controlling the capacity in each 

case.  Neither of the beams tested failed according to the mechanisms indicated by the 

calculated design methods.  
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Table 5-3 Calculated load carrying capacities of dapped ends compared with experimental capacities. 

Design Method 
Shear Span-

to-Depth 
Ratio 

Calculated 
Shear         

(Vd in kips) 

Experimental 
Failure 
Shear         

(Vt in kips) 

Vt/Vd Failure Mechanism 

RF-3R-9(a) 

Strut and Tie - ACI 0.94 395 910 2.30 Yield of tie 3 
Strut and Tie - 

AASHTO 0.94 395 910 2.30 Yield of tie 3 

PCI Design Handbook 0.94 470 910 1.94 Diagonal tension at 
reentrant corner 

RF-3R-9(c) 

Strut and Tie - ACI 1.58 470 708 1.51 Yield of tie 2 
Strut and Tie - 

AASHTO 1.58 470 708 1.51 Yield of tie 2 

PCI Design Handbook 1.58 470 708 1.51 Diagonal tension at 
reentrant corner 

 

While PCI has very prescriptive provisions for dapped end sections, the strut-and-

tie models used in correlation with ACI318-08 and AASHTO LRFD can perhaps be 

adjusted to more accurately calculate failure loads.  Only adjustments to RF-3R-9(a) 

produced greater failure loads, while adjustments to RF-3R-9(c) did not significantly 

increase load carrying capacity.  Improving the strut-and-tie model of RF-3R-9(a) 

involves changing the angle of strut 1, φ1, with respect to tie 1 as shown in Figure 5-10.  

The model appears identical to the original (Figure 5-4), but an increase of 5˚ in φ1 to 55˚ 

significantly increases the load carrying capacity of the section by reducing the force in 

tie 1, and increasing the force in strut 5.  A larger load in strut 5 reduces the force in tie 3, 

which governed failure in the initial model.  The original angle of 50˚ was assumed based 

on research by Barton et al. (1991), who found acceptable angles for strut 1, with respect 

to tie 1, to range from 45˚ to 55˚.  The average angle of 50˚ was determined to be a viable 

starting point.  The increase to 55˚ increases the predicted load carrying capacity to 549 

kips from 395 kips and changes the failure mechanism from tie 3 to tie 2.  The adjusted 

model increases computed failures load from strut-and-tie models and results in values 

closer to the measured capacity. 
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Figure 5-10 Adjusted strut-and-tie model for RF-3R-9(a). 

Table 5-4 Calculated load carrying capacities of dapped ends compared with experimental capacities 
with adjustments to beam RF-3R-9(a). 

Design Method 
Shear Span-

to-Depth 
Ratio 

Calculated 
Shear           

(Vd in kip) 

Experimental 
Failure 
Shear         

(Vt in kip) 

Vt/Vd Failure Mechanism 

RF-3R-9(a) 

Strut and Tie - ACI 0.94 549 910 1.66 Yield of tie 2 
Strut and Tie - 

AASHTO 0.94 549 910 1.66 Yield of tie 2 

PCI Design 
Handbook 0.94 470 910 1.94 Diagonal tension at 

reentrant corner 

 

5.4 PROPOSED DIRECT STRUT MODEL 

Current design methods and models for dapped ends are adequate for producing 

safe designs.  However, calculations presented do not include φ-factors that would 

increase conservativeness of design and decrease efficiency.  The proposed direct strut 
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model is intended to improve efficiency of proven design equations while maintaining the 

necessary safety.  The model expands on the ideas presented by Mattock and Chan 

(1979).  The direct strut model results in lower design forces on the vertical hanger 

reinforcement and considers the development of prestressing strands within the extended 

nodal region. 

5.4.1 Model 

The direct strut model is much simpler than the previously proposed strut-and-tie 

models.  The model is comprised of two ties, three struts, and the bottom strut/tie 

depending on the prestressing force at the node.  Figure 5-11 shows examples of the 

model for beams RF-3R-9(a) and RF-3R-9(c).  In the model, it is assumed that tie 1 has 

sufficient development length beyond tie 2 to provide anchorage for the stress developed 

within the tie.  The remaining elements follow typical strut-and-tie modeling procedures. 

  
Figure 5-11 Proposed direct strut models for beam RF-3R-9(a)[left] and beam RF-3R-9(c)[right]. 

 The direct strut model calculates failure loads closer to actual loads resisted by 

the section and closely follows the cracking pattern developed from the applied load.  

Computed failure loads for beams RF-3R-9(a) and RF-3R-9(c) were 571 kips and 524 

kips, respectively, producing predicted-to-measured ratios – Vt/Vd –  of 1.59 and 1.35.  

The Vt/Vd ratios found from the previous strut-and-tie models were 1.66 and 1.51 for 

beams RF-3R-9(a) and RF-3R-9(c), respectively.  From the improvement in accuracy, the 

direct strut method produces more efficient strut-and-tie models than the typical models 

used in design today.   
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Two design issues would need to be addressed to complete the direct strut 

method: 

1. development of tie 1 and 

2. required steel for the full depth section beyond the hanger reinforcement. 

Two design assumptions from Mattock could be incorporated into the design procedure 

to handle these issues.  First, Mattock requires tie 1 to extend a distance of H – dnib + ld 

past the reentrant corner where H is the full depth of the section, dnib is the depth of the 

main dapped end reinforcement, and ld is the development length of the bars (Mattock & 

Chan, 1979).  Using this requirement would take care of the anchorage of tie 1.  Second, 

the full depth section up to a distance H beyond the reentrant corner could be designed 

using sectional shear design requirements, the minimum of Vci and Vcw, at a distance H/2 

from the reentrant corner or using modified compression field theory based expressions 

in AASHTO LRFD (Mattock & Theryo, 1986).  Using this requirement would aide in 

designing for the required amount of stirrups beyond the hanger reinforcement.  

Incorporating these design provisions with the direct strut model could prove to produce 

efficient and safe designs for prestressed dapped end members.  However, further testing 

is required to implement such procedures into design. 

5.5 CUT SECTION ANALYSIS: BEAM RF-3R-9(c) 

At failure, Beam RF-3R-9(c) developed wide shear cracks from the bottom corner 

of the beam to the edge of the load point.  These large shear cracks split the beam in two 

as seen in Figure 5-12.  The cut section needs to satisfy equilibrium constraints using the 

available load-carrying elements: prestressing strands, vertical stirrups, concrete in the 

compression zone, and applied shear force.  Herzinger and Elbadry (2007) have 

developed a cut analysis in correlation with shear friction and diagonal bending.  The 

principles of their work will be utilized in this section.   
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Figure 5-12 Cut section of beam RF-3R-9(c). 

The top flange of the beam contained a much larger area than the webs of the 

section and should contribute to the flexural capacity significantly more than the rest of 

the section.  As such, the compression resultant was assumed to act at mid-depth of the 

top flange.  Once the location of the compression result is determined, the capacity of the 

cut section in Figure 5-13 can be calculated by summing the moments about the 

compression resultant.  Forces in reinforcement were calculated based on the available 

stress in each bar.  The strand force depended on the available development of transfer 

stress at the cut location.  With the cut passing through the transfer length of the strands, 

the available stress in each strand was a portion of the effective stress after allowance for 

losses.  In addition to the strands, six #6 reinforcing bars taken at yield contribute to the 

strand resultant.  Vertical stirrups were included based on the bars that were intersected 

by the cut with sufficient ability to develop stresses.  The stirrups were assumed to be 

yielded at failure.  Yielded stirrups are reasonable after the measurements from the shear 

distortion apparatus revealed significant crack opening in the web region.  In addition, 

wide cracks, up to 1/8-inch formed along the cut line. 
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Figure 5-13 Cut section analyzed by summation of moments about compression resultant. 

Summing the moments about the compression resultant and solving for the shear 

force in the section results in a capacity of 621 kips.  This closely resembles the failure 

shear of 708 kips with a predicted-to-measured shear ratio of 1.14.  According to the cut 

section analysis, failure was due to a shear induced bond slip.  The stirrups have reserve 

capacity past yield, but when the strand reaches the debonding stress, slip occurs 

resulting in a stress decrease and failure.  Table 5-5 compares the cut section analysis 

results to the ACI, AASHTO, and direct strut calculations. 
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Table 5-5 Comparison of adjusted final capacity calculations including cut analysis. 

Design Method 
Shear Span-

to-Depth 
Ratio 

Calculated 
Shear           

(Vd in kip) 

Experimental 
Failure 
Shear         

(Vt in kip) 

Vt/Vd Failure Mechanism 

RF-3R-9(a) 

Strut and Tie - ACI 0.94 549 910 1.66 Yield of tie 2 

Strut and Tie - 
AASHTO 0.94 549 910 1.66 Yield of tie 2 

PCI Design 
Handbook 0.94 470 910 1.94 Diagonal tension at 

reentrant corner 
Direct Strut Model - 

ACI 0.94 571 910 1.59 Yield of tie 2 

RF-3R-9(c) 

Strut and Tie - ACI 1.58 470 708 1.51 Yield of tie 2 

Strut and Tie - 
AASHTO 1.58 470 708 1.51 Yield of tie 2 

PCI Design 
Handbook 1.58 470 708 1.51 Diagonal tension at 

reentrant corner 
Direct Strut Model - 

ACI 1.58 524 708 1.35 Shear induced 
bond/strand slip 

Cut Analysis 
Method 1.58 621 708 1.14 Shear induced 

bond/strand slip 

 

5.6 OVERVIEW 

Reviewing the results in Table 5-5, it is first evident that load prediction at the 

shorter shear span, beam RF-3R-9(a), is more conservative than at larger shear span.  The 

extra conservatism in the short shear span may result from the lack of understanding of 

how much load can flow directly into the support versus following the dapped end 

models.  As the shear span increases, the ability of load to go directly into the support 

decreases because the angle of inclination from the support to the load point decreases, 

making a direct strut to the support less likely.  It is conservative to assume that the direct 

strut into the support does not exist, requiring design of the beam based solely on the 

dapped end model. 

Second, PCI calculations produced the same failure load, independent of the shear 

span.  ACI318-08 and AASHTO LRFD, using strut-and-tie modeling, calculate different 

failure loads depending on the location of the point load.  Therefore, PCI produced more 
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accurate failure loads at larger shear spans and more conservative failure loads at shorter 

shear spans. 

Third, the direct strut may produce more applicable and efficient design 

procedures than the current available dapped end strut-and-tie models.  The direct strut 

provides a simple model to assess dapped end capacities while generating more accurate 

estimated loads than current models.  Integrating the direct strut model with selected 

guidelines from Mattock and Chan (1979), Mattock and Theryo (1986), and the PCI 

Design Handbook (2004) could prove to create a simple, efficient design procedure for 

design of prestressed dapped end sections. 

Finally, the cut analysis provided an accurate post-failure load and mechanism 

prediction method for beam RF-3R-9(c).  However, assessment using the cut analysis 

pre-failure or to place reinforcement would be challenging.  Beam RF-3R-9(a) could not 

be analyzed using the cut analysis because no distinct failure crack existed, proving the 

limitation of the cut analysis.
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CHAPTER 6 
 

Summary and Conclusions 
 

6.1 SUMMARY 

Testing was conducted to investigate the effects of concrete cracking due alkali-

silica reaction (ASR) and delayed-ettringite formation (DEF) on the shear strength of 

trapezoidal box beams.  The trapezoidal box beams of this study were fabricated in 1995 

for the US 59 corridor between IH 610 and BW 8 in Houston, Texas.  Five full-scale 

beams rejected because of fabrication errors were available for testing.  Four beams 

experienced significant cracking due to ASR and DEF.  In this thesis, the effects of 

ASR/DEF cracking on the structural performance of the dapped ends of the beams are 

described.  Two dapped end sections have been tested at Phil M. Ferguson Structural 

Engineering Laboratory.   

Observed and measured behavior from the two dapped end tests were used to 

analyze the response of the beams and determine if there was a loss of strength as a result 

of premature concrete cracking to due ASR/DEF.  Test results were compared against 

design methods of the PCI Design Handbook, ACI 318-08, and AASHTO LRFD.  

Additionally, models were developed in an attempt to more accurately compute failure 

loads of dapped end sections.   

6.2 CONCLUSIONS 

Upon completion of testing, two conclusions can be inferred from the tests on 

beam RF-3R-9 which exhibited moderate damage due to ASR and DEF. 

(1) Capacities of the dapped end region of the prestressed trapezoidal box beams 

with moderate ASR/DEF-related cracking were greater than the capacities 

computed based on available design methods.  Both beams failed by shear 
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induced bond slip and reached loads at least 35% greater than calculated by 

any given design method.  The lack of new visible cracks or widening of 

existing cracks within the dapped end region signified that the dapped end did 

not control beam capacity.  No design method produced failure by the same 

mechanism as witnessed in testing. 

(2) In the presence of ASR/DEF cracking, little additional cracking due to the 

applied load was visible before failure.  Furthermore, the cracking due to the 

applied load often aligned with existing cracks.  This phenomenon made it 

difficult to distinguish between ASR/DEF-related cracking and cracking due 

to the applied load.  The lack of additional cracking, along with the 

indistinguishable differences between the two types of cracking, provided 

little warning that the concrete was under distress as the section approached 

the failure load. 

(3) A modified strut-and-tie model was proposed for design of dapped end 

sections.   

6.3 FURTHER INVESTIGATIONS 

Testing of ASR/DEF cracked beams should continue in order to reach a firm 

conclusion on the effect of the cracking on the shear capacity of prestressed members.  

Further testing should focus on mildly and heavily damaged beams.  Additionally, testing 

should be continued to investigate the validity of various strut-and-tie models.  Finally, a 

review of literature revealed that most studies on dapped end specimens were conducted 

on a small scale.  Further tests should be conducted on full-scale beams to determine if 

size affects dapped end response.
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APPENDIX A 
 

Beam Weights 
 

 

Table A-1 Measurements for beam weight of RF-3R-9(a). 

Load Cell 

NW  NE  SW  SE 

Load      
Reading 

19.5  7.4  12.0  22.8 

Beam 
Weight 
(Sum) 

61.7 

 

  

Table A-1 Measurements for beam weight of RF-3R-9(c). 

Load Cell 

NW  NE  SW  SE 

Load      
Reading 

25.5  4.6  8.7  22.9 

Beam 
Weight 
(Sum) 

61.7 
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APPENDIX B 
 

Calculations for Prestress Losses 
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APPENDIX C 
 

Calculations for Code Provisions 
 

C.1 ACI CALCULATION: RF-3R-9(a) 
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C.2 ACI CALCULATION: RF-3R-9(c) 
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C.3 AASHTO CALCULATION: RF-3R-9(a) 
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C.4 AASHTO CALCULATION: RF-3R-9(c) 
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C.5 PCI CALCULATION 

 

Conservative to assume small axial 
load (20% of Vu) 

Conservative to assume small axial 
load (20% of Vu) 
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C.6 ADJUSTED ACI CALCULATION: RF-3R-9(a) 
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C.7 DIRECT STRUT ACI CALCULATION: RF-3R-9(a)  
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C.8 DIRECT STRUT ACI CALCULATION: RF-3R-9(c)  
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C.9 CUT ANALYSIS: RF-3R-9(c)  
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